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Abstract: With a large enough sample, age misclassification probabilities can be estimated nonparametrically by fitting
the observed distribution of differences between paired readings. Application of this procedure to Pacific halibut data
reveals that the unsigned deviations of single readings from the mode follow a geometric distribution, leading to a sim-
ple specification of misclassification probabilities. The potential for bias in this and other published procedures is dis-
cussed.

Résumé : Dans un échantillon assez grand, on peut estimer par des méthodes non paramétriques les probabilités de
classification erronée des âges en ajustant les distributions observées des différences entre des lectures appariées.
L’application de cette procédure à des données sur le flétan du Pacifique indique que les déviations (sans signe) de
lectures uniques tirées du mode suivent une distribution géométrique, ce qui mène à une simple spécification des pro-
babilités de classification erronée. Les probabilités d’erreur dans cette procédure et dans d’autres présentées dans la
littérature font l’objet d’une discussion.

[Traduit par la Rédaction] Clark 1889

Introduction

Most stock assessments are done by fitting an age-
structured model to a series of age-structured fishery and
survey data, the latter obtained by collecting samples of fish
from commercial and survey catches and determining their
ages by counting the annuli (annual rings) formed on a cho-
sen structure, in most cases the sagittal otolith or earstone.
Forsberg (2001) provides a detailed account of how otoliths
are processed and read at the International Pacific Halibut
Commission (IPHC) to estimate the age composition of
catches. Campana (2001) reviews methods used to validate
age readings and measure precision.

Age readers strive to follow consistent and objective rules
for distinguishing annuli from other marks on an otolith, but
there is still some judgement involved and, as a result, some
variability in readings of a single otolith, both within and
among readers (Kimura and Lyons 1991). A single age read-
ing can therefore be regarded as a random variable drawn
from a probability distribution. The mode of this distribution
occurs at the age that would be chosen most often if the
same otolith were read many times by experienced readers
following the established protocol, and it is therefore by def-
inition the correct age. It may or may not be the true age of
the fish — that depends on whether the protocol is in fact
accurate — but it is the correct result of applying the proto-
col. For clarity, in this paper, this modal age will be called
the “canonical age” to stress the point that it is correct rela-
tive to the rules in use, not relative to the true age of a fish.

When a different age is assigned, the otolith is said to be
misclassified.

Otoliths are generally read only once, with a fraction read
twice or more for quality control. Estimated age composi-
tions therefore consist of a mixture of correct ages and mis-
classifications, and that leads to errors in estimates of
abundance at age when a stock assessment is done, even if
the age-reading protocol is accurate (Reeves 2003). If the
misclassification probabilities are known, however, the as-
sessment model can be so constructed that it will predict
their effect on the observed age compositions and thereby
correctly estimate the true underlying abundance at age.

For various reasons, it is not practical to assemble a large
number of independent readings for each of even a small
sample of otoliths, so one cannot directly observe the form
of the distribution of readings or determine empirically what
is the canonical age of a given otolith. What is usually avail-
able instead is a small number of readings for each of a large
sample of otoliths, often the paired quality control readings
done on some proportion of the total. It is common practice
to estimate misclassification probabilities by fitting one or
another assumed parametric model to data of this sort (e.g.,
Richards et al. 1992), but as explained below, some of the
usual model fits can be misleading. This paper describes a
nonparametric estimation method based on the observable
distribution of differences between paired readings and its
application to data on Pacific halibut (Hippoglossus steno-
lepis).

Materials and methods

Until the early 1990s, Pacific halibut otoliths were aged
by surface reading wherein whole otoliths are examined at
5–50× under reflected light. It is now known that this
method underestimates the age of older fish and so has been
replaced by the break-and-burn method (Forsberg 2001). The
canonical age of an otolith read by the surface method is
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therefore biased, but it is still the canonical surface age in
that it is the modal age assigned by experienced readers fol-
lowing that protocol. The stock assessment model can be
written to account for both bias and misclassification when
predicting the age compositions estimated by surface read-
ings.

The data available for estimating the misclassification prob-
abilities consist of a large number (80 963) of paired surface
readings, because in many years, all otoliths were read twice.
The assigned ages range from 4 to 36, but the first age with
a substantial number of readings is 6, and after 20, the num-
bers are small (Fig. 1).

The approach in this paper will be to derive and test a
nonparametric method of estimating the misclassification
probabilities from paired readings and then report the non-
parametric estimates for the Pacific halibut surface readings.
Some comparisons between this procedure and the usual
parametric fits will be reported in the discussion section.

Derivation of the estimation method
Let fA(a) denote the probability distribution of a single

reading of an otolith of canonical age A, and let v = a – A
denote the deviation of a single reading from the canonical
age. The distribution of v is therefore the same as that of a,
but with the mode at zero rather than at A. Let fA(v) denote
this shifted distribution.

Suppose we have two independent readings (a1, a2) of ev-
ery otolith in a large sample of otoliths of a given canonical
age A. Such a sample could never be assembled in practice
because the canonical age of an otolith cannot be observed,
but the notion of such a sample will facilitate the derivation.
Let d denote the signed difference between the paired read-
ings, or d = a1 – a2 = v1 – v2, and let gA(d) denote the distri-
bution of d. This distribution is determined by fA(v), and the
elements of fA(v) can be estimated by predicting and fitting
the sample distribution of d. For example, consider the prob-
ability of observing a difference d = –2 between the first and
second readings of a particular otolith. If the deviation v of a
single reading from the mode ranges from vmin (a negative
number) to vmax, then this probability is

g P v v f v f vA A A
v

v

A( ) ( ) ( ) ( )− = = + = +∑2 2 1

–2

2 2
min

max

The probability of observing d = +2 is the sum of the prod-
ucts of the same pairs, and likewise for other d ≠ 0, so gA(d)
is symmetric even if fA(v) is not. The frequency distribution
of the absolute differences therefore contains all of the infor-
mation in the sample, and the expected frequencies are
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In mathematical terms, gA(d) is the autocorrelation function
of fA(v) (Press et al. 1988). Estimating the latter from the for-
mer is therefore a matter of inverting an autocorrelation func-

tion. There appears to be no discussion of this problem in the
literature, but in extensive trials with randomly generated test
distributions fA(v) and the corresponding computed distribu-
tions gA(d), it was always possible to locate the inverse nu-
merically. The only restriction placed on the test distributions
was that they decrease monotonically on either side of the
mode.

The trials showed that with deterministic data it is possi-
ble to recover any distribution of deviations fA(v) by numeri-
cally fitting the equations above to the observed frequencies
of unsigned sample differences gA(d). However, there are
two serious drawbacks to this procedure. The first is that any
given fA(v) and its reverse will generate the same gA(d). If
fA(v) is asymmetric, the search algorithm will locate one or
the other isomer of fA(v), depending on the starting value of
the parameter vector. The second drawback is that the esti-
mates become quite variable in the presence of even moder-
ate sampling error.

As a practical matter, therefore, it is only possible to ob-
tain unique estimates if fA(v) is assumed to be symmetric.
The symmetric estimates are also more stable. If fA(v) is not
symmetric, the estimates obtained in this way are approxi-
mate averages, e.g., � ( ) � ( )f fA A− ≡ +2 2 is approximately the av-
erage of fA(–2) and fA(+2). The same fitting procedure can be
used, with obvious differences in how the parameter vector
is specified. (Detailed instructions for the symmetric case
are provided in Appendix A.)

Up to this point, the derivation has referred to a hypotheti-
cal sample of paired readings of otoliths of the same canoni-
cal age. Real data always consist of an unknown mixture of
canonical ages, so they cannot be grouped by canonical age
to estimate fA(v) for each A. Instead they can be grouped by
mean assigned age, i.e., the mean of the two actual readings
of each otolith. (The mean assigned age of the two readings
is a sample value, and it can be higher or lower than the ca-
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Fig. 1. Joint distribution of the paired readings. The size of each
point is proportional to the logarithm of the number of readings.
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Fig. 2. Results of 100 simulation trials of the nonparametric estimates, computed with the readings grouped by canonical age and by
mean assigned age. The total sample size was 80 000 in each trial.
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Fig. 3. Observed (points) and predicted (lines) distributions of differences between paired readings of Pacific halibut (Hippoglossus
stenolepis) otoliths, plotted by mean assigned age.



nonical age of the otolith, which is the mode that would be
observed if the otolith were read many times.) In real data,
the otoliths of mean assigned age a A= will consist of a
mixture of canonical ages in the vicinity of A. It seems rea-
sonable to suspect that the distribution of differences ga (d)
would be very similar to gA(d), so � ( )f va would be a good es-
timate of fA(v), but that needs to be demonstrated. Simula-
tions were conducted for that purpose.

Simulation tests
There were two questions to be investigated by simula-

tion. First, what are the inherent bias and variance of the es-
timates when computed with paired readings grouped by
canonical age (as can be done with simulated but not real
data)? Second, what is the effect of grouping the data by
mean assigned age?

A simulation model for this purpose was constructed with
mortality and selectivity parameters appropriate to Pacific
halibut. No attempt was made to model the effect of variable
year-class strength on the estimates because the real Pacific
halibut data come from several years, so the relative abun-
dance at age in the data is already averaged over strong and
weak year classes. Each trial consisted of drawing a sample
of size 80 000 from the canonical age composition of the
catch and then generating two random readings of each otolith
in the sample according to the estimated misclassification
probabilities reported in the results section below. Mis-

classification estimates were computed with the data
grouped by both canonical age and mean assigned age. (For
the latter grouping, an mean assigned age that fell midway
between two successive ages was rounded up or down with
equal probability.) Whenever an estimate failed to provide a
very good fit to the simulated distribution of sample differ-
ences, the search was repeated several times from randomly
chosen starting points to check for multiple maxima.

Estimates computed using the canonical ages were unbi-
ased and quite precise for the more numerous age groups,
but they became quite variable and slightly biased when
sample size dropped into the low hundreds among the oldest
age groups in the simulation (Fig. 2). A few instances of
multiple maxima also appeared among these groups. Esti-
mates computed using the mean assigned ages were signifi-
cantly biased statistically (t > 10 for many ages), but as can
be seen from the graphs, the size of the bias is negligible.
The mean assigned ages produce virtually the same esti-
mates as the canonical ages in this case.

Results

Estimates of misclassification probabilities were computed
for each mean assigned age from 6 through 25 in the Pacific
halibut data. Both symmetric and asymmetric estimates of
fA(v) were computed to check for evidence of asymmetry.
For the youngest fish, the best estimates were asymmetric,
but from age 10 onward, both procedures produced the same
symmetric estimates.

The symmetric estimates predict very well the sample dis-
tributions of differences between paired readings through
age 20 (Fig. 3). At the smaller sample sizes after age 20, the
fits deteriorate, just as in the simulations. The estimated
probability that an age reading will be the canonical age de-
creases from about 0.8 at age 6 to about 0.5 at age 20,
whereas the probabilities of deviations of all sizes increase
gradually with age (Fig. 4).

The computed age-specific estimates are satisfactory
through age 20 but not for older fish. One way to handle age
groups with small sample sizes is to smooth the sample fre-
quencies of differences gA(0), gA(1), … over ages and then
use the smoothed frequencies to estimate fA(v) at each age.

A simpler solution is available for Pacific halibut because
all of the well-determined estimates of fA(v) have the same
simple form. A plot of the estimated log frequencies of un-
signed deviations against the deviations is linear at every age
(Fig. 5), meaning that the unsigned deviations follow the
geometric distribution fA(|v|) = pA q A

v| |, where qA = 1 – pA.
The signed deviations are therefore distributed as fA(0) = pA
and fA(v ≠ 0) = (pA q A

v| |)/2.
The value of pA for any age can be inferred from any well-

determined summary statistic of the distribution of readings at
that age, e.g., variance. Simulations show that for the Pacific
halibut example, the variance of the difference between paired
readings is virtually the same whether calculated with the
data grouped by canonical age or by mean assigned age. The
general trend of the variance of the differences among older
age groups (Fig. 6) is clear even though the sample sizes are
too small to permit age-specific estimates of fA(v), and the
variance of single readings about the canonical age is just
half the variance of the differences. Because of the two
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Fig. 4. Estimates of the relative frequencies of deviations of indi-
vidual readings from the canonical age fA(v) computed from the
Pacific halibut (Hippoglossus stenolepis) data, plotted against
mean assigned age. The lines are data smoothers.
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Fig. 5. The logarithms of the nonparametric estimates of the frequencies of unsigned deviations f (|v|) plotted against the deviations.
The lines are linear regressions.



sidedness of the distribution, the variance of the signed devi-
ations is equal to the second moment of the geometric distri-
bution, or (omitting the subscript A for simplicity)

σv q q p2 2 2= +( )/

whence after some algebra

p v

v

=
− + +

−
3 1 8

2 1

2

2

σ
σ( )

(The value of p at σv
2 1= is 2/3.) The standard deviations of

single readings (plotted in Fig. 6) all lie on a straight line, so
the misclassification probabilities for all ages of Pacific hali-
but can be specified concisely by saying that the unsigned
deviations are geometric and the standard deviation of the
signed deviations at canonical age A is σv = –0.112 + 0.0668A.
These are the probabilities used in the simulations.

Discussion

This paper has presented a method of estimating age mis-
classification probabilities without making any assumption
about the form of the distribution of readings (apart from
symmetry). It was motivated by the large number of paired
surface readings available for Pacific halibut, but it could be
applied to cases with more than two readings per otolith by
simply generating all possible pairs to construct the sample
of differences.

A potential weakness of the method is its reliance on
grouping the data by mean assigned age rather than by (un-

known) canonical age to compute the estimates. This does
result in bias, the size of which will depend on the actual
variation with age of both abundance and misclassification
probabilities. The latter can be expected to vary smoothly,
so the real concern is unsmooth variation in abundance.
When the data are derived from several years of sampling,
the sample age compositions should be smooth and the bias
should be demonstrably negligible, as in the case of Pacific
halibut. A single year’s data from a stock with large varia-
tions in year-class strength would be questionable, but the
question could and should be answered by simulation.

A more serious limitation of the method is its need for rel-
atively large samples — at least a few hundred pairs of read-
ings for each estimate and preferably at least 500. One way
to increase the sample size available for each age-specific
estimate is to use a moving data window of 3 or more years
to compute the estimate for the central age. This will reduce
the variance of the estimates but increase the bias caused by
grouping. If that bias is negligible to begin with, there may
be little harm done.

In some cases, it may be possible to identify the form of
fA(v) and the way in which it varies with age in the more nu-
merous age groups from nonparametric estimates and thereby
choose a parsimonious parametric model that can be fitted to
the entire data set. This was true of the IPHC surface read-
ings and is also true for IPHC break-and-burn readings where
the available number of paired readings is much smaller.
(The break-and-burn readings are also geometric.)

If sample sizes at all ages are too small for nonparametric
estimates, one is obliged to assume a parametric model for
fA(v) at each age and fit that, or to fit alternative candidates
and choose the best one according to standard model selec-
tion criteria. There is no way to know to what extent the es-
timates are biased by model misspecification.

Richards et al. (1992) provide a detailed account of how to
compute maximum-likelihood estimates of the parameters of
an assumed misclassification model and, if desired, associated
estimates of the canonical age distribution of the sample or
the canonical age of each fish in the sample. It is a thorough
treatment of the topic except for its lack of any consideration
of possible bias, which can be present in maximum-
likelihood estimates even when the model is correctly speci-
fied. For example, one of the procedures outlined in the pa-
per, and applied to paired readings by Heifetz et al. (1999), is
to estimate the canonical age of each fish and use a discrete
version of the normal density function to model mis-
classification. The procedure is easy to apply because with a
normal density the maximum-likelihood estimate of the ca-
nonical age is simply the mean assigned age, and the associ-
ated likelihood is quite simple. But when applied to paired
readings, it greatly underestimates their variability because
the procedure essentially locates the maximum-likelihood
estimates of the mean and variance of the readings of each
otolith. In the case of the variance that is Σ( ) /x x n− 2 rather
than the usual unbiased sampling estimate Σ( ) /( )x x n− −2 1 .
When n is large, the difference is unimportant. When the
data are paired readings and n = 2, the difference is substan-
tial. (Richards et al. (1992) had data with n = 6 readings of
each otolith.)

This behavior is illustrated (Fig. 7) with simulated paired
readings that actually follow the discrete version of the nor-
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Fig. 6. The standard deviation of the difference between paired
readings at each mean assigned age, and the inferred standard
deviation of single readings about the canonical age.



mal density: f(v) ∝ exp(–v2/(2σ2)). The standard deviation of
this distribution is equal to the parameter σ for σ ≥ 0.6. Para-
metric estimates of the standard deviation and the mis-
classification probabilities were computed with likelihood

4.3 in table 4 of Richards et al. (1992), and nonparametric
estimates were computed using the method developed in this
paper. Even though the model is correctly specified, almost
all of the parametric estimates are very biased. Meanwhile
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Fig. 7. Parametric and nonparametric estimates of the distribution of deviations of single readings computed with simulated data that
follow the “normal model” described in Richards et al. (1992). Each plotted point is the mean of 100 simulated trials with a sample
size of 80 000 paired readings each.



the nonparametric estimates perform quite well without ben-
efit of any knowledge or assumption concerning the form of
the distribution.

Heifetz et al. (1999), in fact, knew the true ages of the fish
in their sample because they had been marked early in life
and later recaptured. The ages assigned by two readers showed
considerable variability about the known ages but no bias, so
the known age could be taken to be the canonical age and
the authors could fit the model to known misclassification
frequencies. They did that, and they also applied the proce-
dure from Richards et al. (1992) to the paired readings using
the mean assigned age instead of the known age. They were
puzzled that the latter estimates of misclassification proba-
bilities were so much lower than the former and attributed
the difference to some unknown peculiarity of the paired
readings, but it is more likely that the reason was simply
bias in the estimation procedure. This example illustrates the
importance of conducting simulation trials to verify that a
numerical estimation procedure is really working correctly
before applying it to real data (Hilborn and Mangel 1997).
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Appendix A. Computing instructions.

Given paired readings of a number of otoliths from fish of
canonical age A or in that vicinity (e.g., fish of mean as-
signed age a A= ), the aim is to estimate the distribution
fA(v) of deviations of age readings from the canonical age.
This can be done numerically by predicting and fitting the
observed distribution of differences of paired readings gA(d).
The following instructions detail how to tabulate the data,
handle the parameter vector, and code the objective function.
For simplicity, the subscript A is omitted. Any general-
purpose minimizer can be used to locate the estimates.
1. Tabulate the frequencies of absolute differences of paired

readings of all otoliths of mean assigned age A (or range
of mean assigned ages centered at A). These absolute
differences will range from 0 through, say, dmax. Denote
these frequencies n0, n1, n2,…, ndmax

.
2. Set the largest absolute deviation (of a single reading

from the canonical age) vmax to dmax/2 rounded up, e.g.,
if dmax is 5 or 6, vmax is 3 and vmin is –3.

3. The parameters to be estimated are the probabilities of
deviations (from the canonical age) f (0), f (1),…, f (vmax –
1), with the understanding that f (–v) = f(v). The last
value f (vmax) = f (vmin) is not estimated as a parameter
because the probabilities must sum to one. A simple
way to handle the working vector of estimates �( )f v is to
specify a parameter vector of unconstrained real num-
bers x0,…, xvmax −1 and run them through the logistic
function y = 1/(1 + e–x) so that they are all confined to
(0,1). Call those numbers y0,…, yvmax −1 and fill in �( )f v as
follows:

�( )f y0 = 0

remainder 0.5 1 0= −( �( ))f

for v in 1 to (vmax – 1)

{prop remainder= ⋅yv

�( ) �( )f v f v= − = prop

remainder remainder prop= − }

�( ) �( )f v f vmax max remainder= − =

4. With this value of �( )f v , calculate the predicted distribu-
tion of differences �( )g d

�( ) [ �( )]g f v
v

v

0
min

max
2= ∑

and

�(| | ) �( ) �( ) | |g d f v f v d d
v

v

= + >
−

∑2 for
min

max d

0

5. Compute the multinomial log likelihood of this predicted
value as

log log( �( ))L n g dd
d

d

= +
=
∑constant
max

0

With a general-purpose minimizer, the objective function
should return –logL so as to maximize log L.
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